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Abstract|The numerical simulation of

Maxwell's equations requires a discretiza-

tion, which must be limited in space do-

main. An often used method is the im-

plementation of absorbing boundary con-

ditions (ABC). In the FDTD method the

perfectly matched layer (PML) has proven

to be an excellent type of ABCs in many

applications. In this paper the PML is in-

troduced and veri�ed for the TLM method

in the 3-dimensional case for orthogonal in-

cidence.

Theoretical Background

For the numerical simulation of electromag-

netic �eld problems it is necessary to limit

the simulated space. Especially for time do-

main methods, the computational resources
required quickly exceed the memory and CPU

speed of the computers available today. One
way to implement absorbing boundary con-

ditions is the Mur wall as described in [1].
Another type of absorbing boundary condi-

tions were implemented by Liao in [2]. Both

have been used successfully, but the damping
achieved by these methods is not su�cient for

many purposes. Thus, another method was

originally introduced in the �nite di�erence
time domain (FDTD) method by Berenger [3],
[4]. This new absorbing boundary condition
is called perfectly matched layer (PML). The

PML simulates an unphysical material which
has, in the ideal case, a re
ection coe�cient
r = 0 for all incident waves.

Among other interesting �elds of application
the transmission line matrix method (TLM)

has proven to be a powerful tool for calcu-
lating electromagnetic �elds [5]. The PML
was already used in the two dimensional trans-
mission line matrix method (2D-TLM) by
Eswarappa and Hoefer in [6]. In this paper
the PML is introduced in 3D-TLM for waves

of orthogonal incidence.

For a PML a magnetic current density JM is
introduced, so that Maxwell's equations for
time harmonic processes can be written as

rotE = �JM � j!�H (1)

rotH = JE + j!�E:

Inserting the material equations one obtains

rotE = � (�M + j!�)H (2)

rotH = (�E + j!�)E: (3)

In these equations �M and �E are the magnetic

and electric conductivity respectively.
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Finally, the equations (2) can be rewritten as

�E � (�M + j!�) (�E + j!�)E = 0;

(4)

if the PML material is source free. In the PML

layer the propagation constant is given by


PML =
q
(�M + j!�) (�E + j!�): (5)

To obtain a transmission of incident waves

without any re
exion, the equation

�E

�
=

�M

�
(6)

must be valid. The complex propagation con-
stant can then be calculated as


 =
p
��

�
�E

�
+ j!

�
= �+ j�: (7)

It is important to notice that the total absence
of re
exions is only possible for the continuous
case, whereas in the discretized space, the re-


exion is very small, but not zero.

In the FDTD method the PML is used for the
simulation of various problems with great suc-
cess. For FDTD the PML has been imple-
mented for 3D layer structures with one di-

mension assumed periodical for an arbitrarily

incident wave [7]. This is achieved by dividing

up the incident wave into one part propagat-
ing orthogonally to the PML layer and another

part propagating perpendicularly.

A similar approach for the TLM is only im-

plemented for the two dimensional case [6] by

mixing an FDTD and a TLM mesh. The com-
putational cost of this implementation is very

high. Thus, the PML has not yet been im-
plemented for arbitrary angles of the incident

wave for 3D-TLM simulation.

This work is limited to the orthogonal inci-

dence, which can be used for coplanar wave-

guides and microstrip lines [8]. For the sym-

metrical condensed node (SCN) [9] the electric

and magnetic conductivity must be introduced

into the TLM network for the three dimen-

sional case. The resistance R and the conduc-

tance G are given by

R =
�E�

ZTLM�
��` (8)

and

G = �E � ZTLM ��`: (9)

Here, R describes the magnetic losses and G

represents the electric losses. By calculating
the quotient of the above two equations, the
discretization step �` can be eliminated

R

G
=

�r

�r
: (10)

On the outside the PML is limited by an elec-
tric wall, by which waves are re
ected back
into the structure. Thus, the thickness of the

PML must be at least several nodes, where the
electric conductivity increases from zero to a
certain value �max on the outside end of the
PML.

In this work the electric conductivity inside
the PML layer is described by functions of the

type

pn(x) = �max �
�
x

D

�
n

; (11)

where D is the thickness of the PML layer and
the layer is assumed to begin at x = 0. The

re
exion characteristics of the PML layer can
be controlled both by the thickness D of the

layer and by the order n, which is the expo-

nent in (11). Both parameters must be chosen
carefully to obtain optimum performance of

the PML.
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Results and Discussion

As an example to prove the applicability of

the PML for TLM simulation the e�ective per-

mittivity of a coplanar waveguide is calculated

numerically. Since the numerical calculation

of the e�ective permittivity is signi�cantly in-


uenced by the characteristics of the absorb-

ing boundaries, it is well suitable to underline

the excellent performance of the PML ABC in

TLM.

The TLM algorithm used in this paper is
based upon an optimization of the scattering
matrix as explained in [10]. To compute the ef-

fective permittivity, voltages and currents are
de�ned at two transverse planes of the wave-
guide with distance `. Between the two planes
a phase shift in the currents and voltages can
be calculated. Thus, the e�ective permittivity
can be written as

�r;e� =

 
c0 � ' (!)

!`

!2
; (12)

where '(!) is the phase shift either of the volt-
ages or of the currents. For non-ideal absorb-
ing boundaries, the voltage phase shift and the
current phase shift yield di�erent e�ective per-
mittivities due to re
ections of the boundaries.

The average between the two calculations can

be used as an approximation for the e�ective
permittivity.

The coplanar waveguide used in this paper has
a slotwidth of 50 �m, an inner conductor width

of 75 �m and a substrate layer thickness of

100 �m. The metalization thickness (3 �m)

is approximated by a single metalization layer

(t ! 0 �m), as shown in [11]. Mur absorbing
boundaries of �rst order are used, and the ef-

fective permittivity is calculated by both volt-
age and current phase shift.

The results are compared to a similar TLM

simulation, but with PML absorbing bound-

aries used instead. The results are shown in

Fig. 1. The average between the two graphs
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Fig. 1. E�ective permittivity of a coplanar waveguide
as function of frequency. The simulation of a �rst order
Mur ABC is compared to a simulation using PML.

for the �rst order Mur ABC lies very close to
the result obtained by using perfectly matched
layer ABCs. Thus, the simulation with PMLs

shows excellent agreement with the result of

the simulation with Mur ABCs and it is no
longer necessary to calculate the e�ective per-

mittivity by the average of two computations.

In Fig. 2 the result for the simulation with

PMLs is compared to an identical simulation

made with the FDTD method using superab-

sorption boundary conditions. The two curves
lie very close together for the whole frequency

range from 0 to 60 GHz. Thus, both results
show excellent agreement.
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Fig. 2. E�ective permittivity of a coplanar waveguide
as function of frequency simulated with PML in TLM
method and superabsorption boundary conditions in
FDTD method respectively.

Conclusion

As conclusion it can be stated that the per-
fectly matched layer absorbing boundary con-

dition has successfully been implemented in
TLM for the three dimensional case, although
still limited to orthogonal incidence of the elec-
tromagnetic wave.

Both the examples mentioned above and those

planned for the presentation show the good

applicability of the method developed here.
For future time the method can hopefully be
extended towards full threedimensional simu-

lation with arbitrary angle of incidence.

References

[1] G. Mur, \Absorbing-boundary conditions for
the �nite-di�erence approximation of the time-
domain electromagnetic �eld equation," IEEE

Transactions on Electromagnetic Compatibility,
vol. EMC-23, pp. 377{382, Nov 1981.

[2] Z. P. Liao, B. P. Wong, and Y. F. Yuan, \A
transmitting boundary for transient wave anal-

ysis," Scientia Sinica, Series A, pp. 1063{1076,
Oct 1984.

[3] J.-P. Berenger, \A perfectly matched layer for
the absorption of electromagnetic waves," Jour-

nal of Computational Physics, vol. 114, pp. 185{
200, 1994.

[4] D. S. Katz, E. T. Thiele, and A. Tavlove, \Val-
idation and extension to three dimensions of
the Berenger PML absorbing boundary condi-
tion for the FD-TD meshes," IEEE Microwave

And Guided Wave Letters, vol. 4, pp. 268{270,
Aug 1994.

[5] W. J. R. Hoefer, \The transmission line matrix
(TLM) method," in Numerical Techniques for

Microwave and Millimeterwave Passive Struc-

tures (T. Itoh, ed.), New York: John Wiley &
Sons, 1989.

[6] C. Eswarappa and W. J. R. Hoefer, \Imple-
mentation of Berenger absorbing boundary con-
ditions in TLM by interfacing FDTD perfectly
matched layers," Electronics Letters, vol. 31,
pp. 1264{1266, Jul 1995.

[7] C. Conrady, \Zeitbereichssimulationen elektro-
magnetischer Wellenfelder in periodischen Struk-
turen (Time domain simulations of electromag-

netic �elds in periodic structures) (in German),"
Master's thesis, Gerhard Mercator Universit�at {
GH{ Duisburg, Jan 1998.

[8] B. M�uller, \Untersuchung des Prinzips des ide-
alen Absorbers (PML) zur Verwendung in der
TLM-Methode (Examination of the principle of

the ideal absorber (PML) for use by the TLM

method) (in German)," Master's thesis, Gerhard
Mercator Universit�at {GH{ Duisburg, Jan 1996.

[9] P. B. Johns, \A symmetrical condensed node for
the TLM method," IEEE Transactions on Mi-

crowave Theory and Techniques, vol. 35, pp. 370{
377, Apr 1987.

[10] C. E. Tong and Y. Fujino, \An e�cient algorithm
for transmission line matrix analysis of electro-
magnetic problems using the symmetrical con-
densed node," IEEE Transactions on Microwave

Theory and Techniques, vol. 39, pp. 1420{1425,
Aug 1991.

[11] U. M�uller, M. Rittweger, and A. Beyer, \In-

uence of absorbing boundaries in time domain
iterative methods," in Proceedings of the 22nd

European Microwave Conference 1992, (Espoo),
pp. 1001{1005, Aug 1992.

0-7803-4471-5/98/$10.00 (c) 1998 IEEE


